We will consider g(t) as an element in F p [t] , where F p is the finite field with p elements. If necessary, we will also view g(t) as a polynomial in Z p [t] , where Z p is the ring of p-adic integers. It is not hard to see that
This polynomial
was first introduced by D. Mirimanoff around 1905 and has been exhaustively studied since then. For instance, he used the polynomial f (t) to prove the following striking criterion of A. Wieferich: if the Fermat quotient (2 p−1 − 1)/p is not congruent to 0 mod p, then the first case of the Fermat's Last Theorem is true (see [8] ).
In this paper, we will study class numbers of certain real abelian fields by using the polynomial g(t). Our work is based on the observation that g(t) comes from a Coates-Wiles series. To be precise, let with coefficients in Z p [t] , we have the following expansion (see [6] ):
h t (x) = (1 − t) p−1 + g 1 (t)x p−1 + (higher terms) with g 1 (t) ≡ g(t) mod p.
To see why h t (x) is a Coates-Wiles series, let t = s be a root of 1 in Z p . Then h s (x) is indeed a Coates-Wiles series (see [1] , [10] ). In Section 1 of this paper we will use the above expansion of h t (x) to factorize certain principal ideals into a product of prime ideals. In Section 2, we discuss class numbers of certain real abelian fields. Before we state the main theorems, we first explain several notations that will be used throughout this paper.
For each integer n ≥ 1, we choose a primitive nth root ζ n of 1 so that ζ 
Finally, we let σ be the topological generator of Γ = lim ← − Gal(K n /K 0 ) which maps ζ p n to ζ 1+p p n for each n ≥ 1 and ζ q to ζ q . Restrictions of σ to various subfields k n , F n , F + n and K n of K ∞ = n≥0 K n are also denoted by σ. Now we state the main theorems of this paper: 
, the plus part of the class number of F n , from that of the minus part h
In Section 3, we prove a lemma to finish the proof of Theorem 2. This lemma treats certain relations among cyclotomic units. For a deeper analysis of the relations of cyclotomic units, we refer to [2] . We will apply the results of [2] to our special situation. A similar, but slightly different computation was performed in [7] .
1. Factorization of a certain principal ideal. In this section, we start out with an explicit element ξ n in F + n whose norm to F + 0 equals 1. So, by the Hilbert Theorem 90, ξ n is of the form ξ n = α σ−1 n for some α n ∈ F + n . The aim of this section is to factorize the principal ideal (α n ) into a product of prime ideals of F + n . This factorization is crucial in the proofs of Theorems 2 and 3 of the following section.
Let
is a cyclotomic unit in K n , so is ξ n . Thus ξ n can be thought of as a cyclotomic unit in F + n in the sense of W. Sinnott (see [9] ). One can easily check that N F
The last equality holds since p ≡ 1 mod q. Hence ξ n = α σ−1 n for some α n ∈ F + n by the Hilbert Theorem 90.
is also a zero map, which means that a cyclotomic unit in K n whose norm to K 0 equals 1 is of the form β σ−1 for some p-unit β ∈ K n . In particular, since
Note that w∈R (ζ
and α n is a p-unit in F n . This will not cause any confusion. Since primes of F n above p totally ramify in K n , above each prime ideal ℘
, which is a qth root of 1 in Z p . For brevity, we write s for
Since the completion of F τ n at ℘ τ n is the same as the completion of F n at ℘ n , we have s
and s
Theorem 1. Let ξ n be as before and write ξ n = α ) for any (p − 1)th root s in Z p (see [6] ).
and g(s
) is well defined for each τ i ∈ ∆ + . P r o o f o f T h e o r e m 1. To compute a i , we read the prime factorization (α n ) = ℘
Hence if we view ξ n = w∈R (ζ ) mod p. Note that each row and column of A has a fixed sum g = 1≤i≤l g(s
Main theorems. Recall that l = [F

p(τ i )
). Let A = (b ij ) be the l × l matrix with entries in F p such that
Below, we write (a 1 , . . . , a n ) t for the column vector with entries a 1 , . . . , a n . is not a constant multiple of 1 = (1, . . . , 1) t . P r o o f. We examine the following two cases separately.
C a s e 1: g ≡ 0 mod p. By adding each column of A to the last one, we have
Hence A b = 0 has a nontrivial solution. This solution cannot be a multiple of 1, for otherwise, the row sum g would be 0.
C a s e 2: g ≡ 0 mod p. Since each row sum is 0, 1 is obviously a solution of A b = 0. To prove the existence of a solution which is not a multiple of 1, it is enough to check that the F p -rank of A is less than or equal to l − 2. By adding each row of A to the last one, we have
Let ω be the Teichmüller character on Gal(k 0 /Q) (Z/pZ) × and χ be a character on ∆ + . For the proofs of the main theorems, we need the following theorem which interprets det A in terms of the generalized Bernoulli numbers B 1,χω −1 .
Theorem. det A ≡ 0 mod p if and only if
Now we restate and prove the main theorems.
for all n ≤ m by the class field theory, it is enough to show that p | h F Moreover, the Sylow p-subgroup of E/C must be trivial (see [9] ), where E(C) is the group of units (cyclotomic units) in F + 1 . Thus, the cohomology groups
Hence by considering the long exact sequence of cohomology groups coming from the short exact sequence 
Since the induced homomorphism H −1
for some cyclotomic unit in F + 1 . However, this cannot happen by (ii) and the following lemma which will be proved in the next section. 
for some ideal I n−1 of F is a principal ideal in F + n . Therefore by raising both sides of ( * ) to the power of dp 
is the prime ideal of Q n , hence is principal. Thus by multiplying ( * * ) for 1 ≤ i ≤ l we see that ℘ l n I n−1 is a principal ideal for some ideal I n−1 whose prime factors lies above p. Since p l, we can check that [℘ n ] is of order prime to p as in Case 1.
Let A n be the Sylow p-subgroup of the ideal class group of F + n and let A ∞ = lim ← − A n , where the limit is taken under the norm maps. It is well known that A ∞ Z λ p ⊕M for some finite group M which measures the capitulation. It is conjectured that the Iwasawa λ-invariant for F + ∞ /F + 0 equals 0 and R. Greenberg gave several equivalent statements to this (see [3] ). By using one of the equivalent statements (Theorem 2 of [3] ), we have the following corollary. 
Proof of Lemma 3.
In this section we prove Lemma 3 stated in the previous section. The proof is based on the work of V. Ennola ( [2] ) and is similar to that of Theorem 1 in [7] . In particular we need the following theorem:
Theorem (V. Ennola). Let δ = 1≤a<n (1 − ζ a n )
x a , x a ∈ Z, be a cyclotomic unit in Q(ζ n ). 
